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Perturbation Solution to Mixed Convection
in Rotating Horizontal Elliptic Cylinders
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A parameter perturbation analysis of laminar free and forced convective heat transfer in rotating horizontal
elliptic ducts is investigated. The perturbation parameter used in the solution of the normalized governing equations
is the rotational Rayleigh number Raτ , which governs rates of heating and rotation. The results show the influence
of rotation and heating on the temperature and axial velocity fields. The effects of Prandtl number, in the range of
0.73 to 4, and eccentricity on the peripheral local Nusselt number are also reported. Results indicate insensitivity
of peripheral local Nusselt number to Prandtl number at tube eccentricity e = 0.866, which is an important result
to a designer of rotating heat exchanger. The effect of eccentricity on the friction coefficient is also presented. The
parameter space for the overall validity of the results presented is 0 <– Raτ Rem Pr <– 640.

Nomenclature
a, b = semimajor and semiminor axes of an ellipse,

respectively
Cp = specific heat at constant pressure
e = eccentricity
f (r , θ ) = function specifying the temperature distribution

in the (r , θ ) plane
g = acceleration caused by gravity
H = distance between axis of rotation and tube axis
i = order of perturbation solution
k = thermal conductivity of the fluid
Nu(θ ) = peripheral local Nusselt number
O = tube axis
O ′ = center of the fixed frame of reference
P (r , θ ) = function specifying the pressure distribution

in the (r , θ ) plane
Pr = Prandtl number
p, P = elemental fluid/pressure distribution, respectively
R = dimensionless radius
Raτ = rotational Rayleigh number
Rem = modified Reynolds number
Ro∗ = Rossby number
r , rb = any radial from center and to boundary, respectively
T , Tb = dimensional local and dimensional bulk

temperatures, respectively
Tw = wall temperature
u, v, w = dimensional velocity in radial, azimuthal, and axial

directions, respectively
W , Z = dimensionless axial velocity and distance

in z direction, respectively
α = thermal conductivity
β = coefficient of thermal expansion
γ , τ = axial pressure and temperature gradients,

respectively
εa = axes displacement parameter
η, ηb = dimensionless temperature and dimensionless bulk

temperatures, respectively
θ = angle, deg
∇2 = Laplace operator
∇4 = biharmonic operator, ∇2(∇2)
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λ = angle between normal to the tangent and
the horizontal

µ, ν = dynamic and kinematic viscosities, respectively
ξ = boundary coordinate
ρ = density of fluid
χ (θ ) = form of the boundary coordinate,

√
ξ

ψ = streamfunction
� = angular velocity of tube

Introduction

T HE power output from electrical machines is to some extent
governed by the permissible temperature rise in the insulation

surrounding the rotor conductors. Although cooling of these con-
ductors is commonly achieved by the forced circulation of air over
the rotor periphery, there are advantages to be gained if the heat
transfer is effected through a suitable coolant flowing inside the
conductors themselves especially for large machines such as those
found in hydroelectric power stations. In practice axial cooling holes
having a variety of cross-sectional shapes are commonly used. It is
thus evident that the problem of forced flow through heated rotating
channels is interesting both academically and practically.

Extensive research1−9 has been carried out to study heat transfer
and fluid flow in rotating and nonrotating coolant channels espe-
cially of the circular-type geometry, whereas research10−12 carried
out on elliptic geometry is limited to nonrotating systems. However,
Bello-Ochende and Lasode13 worked on rotating elliptic geometry.
In his monograph Morris2 cited a closely related work in which
heated flow in circular-sectioned duct was studied using perturba-
tion analysis adopting a power series solution up to first order for a
horizontal duct rotating about a parallel axis. Several experimental
works have been carried out to confirm the theoretical analyses of
the flow process and heat transfer in rotating coolant channels of
circular geometry, reported in various forms by Morris,3 Morris,4

Davies and Morris,5 and Morris.6

Mori and Nakayama7 studied theoretically fully developed lam-
inar flowfield and temperature in a pipe rapidly rotating around a
perpendicular axis by assuming velocity and temperature boundary
layers along the pipe wall. It was shown that the resistance coef-
ficient and the Nusselt number increased remarkably as a result of
secondary flow driven by the Coriolis force. Siegel8 analyzed lami-
nar heat transfer in a tube rotating about an axis perpendicular to the
tube axis for flow that is radially outward from the axis of rotation.
Power series solution up to second order using the Taylor number
as a perturbation parameter was constructed. Bello-Ochende10 con-
ducted a numerical study on natural convection in horizontal elliptic
cylinders. He presented results for nonuniform heat-flux applica-
tions at the cylinder periphery in graphical forms for heat transfer
and flow regimes for some values of eccentricity and a range of
Rayleigh numbers.
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In another work Bello-Ochende11 studied the thermal problem
of transition-point heat transfer for forced laminar convection in
heated horizontal elliptic ducts, using the concept of scale analysis.
Results he obtained indicate that in the neighborhood of eccen-
tricity e = 0.866 optimum results are predicted for the generalized
transition-point Nusselt number based on the major diameter and
the corresponding generalized thermal entrance length for the pa-
rameter space, 0.75 ≤ e < 1.0.

Bello-Ochende and Lasode13 studied laminar combined free- and
forced-convection heat transfer in rotating horizontal elliptic ducts
and presented results of heat transfer and fluid flow in graphical
forms. Their results indicate that optimum heat transfer is predicted
when the eccentricity e = 0.433. Faris and Viskanta9 studied laminar
combined forced-and free-convection heat transfer in a horizontal
tube using a perturbation method. They presented approximate an-
alytical solutions as well as average Nusselt numbers graphically
for a range of Prandtl and Grashof numbers. Adegun12 investigated
laminar forced convective heat transfer in an inclined elliptic duct
using scale and perturbation techniques. Thermal and hydrodynamic
entrance problems were investigated using a scale approach while
a perturbation approach was used to analyze the fully developed re-
gion of the duct. Useful results were obtained, among which are that
for optimum heat transfer a critical aspect ratio of 0.5 (e = 0.866) is
predicted and that perturbation results indicate a considerable effect
of inclination on circular ducts and elliptic geometry of e = 0.433,
whereas the effect is negligible for the configuration for e = 0.866.

The focus of the present study is an investigation of fully devel-
oped laminar forced-and free-convection heat transfer in horizontal
elliptic ducts rotating about a parallel axis using a parameter pertur-
bation technique. The technique is an approximate analytic method
in which the normalized governing equations are expanded in power
series using the rotational Rayleigh number Raτ , the dimensionless
parameter governing the rates of heating and rotation. The effects
of the perturbation parameter Raτ and modified Reynolds number
on the temperature and axial velocity profiles are studied. The ef-
fects of Prandtl number on the peripheral local Nusselt number are
investigated. The effects of eccentricity on friction coefficient are
also examined.

Physical Problem and Mathematical Formulations
The physical model and the cylindrical polar coordinate (r , θ , z)

system are shown in Fig. 1.
For the flow regime the following assumptions should be noted:
1) Laminar fully developed flow is considered.
2) Heated tube is treated, and the thermal conductivity of the tube

material is high enough to smooth out circumferential variations in
wall temperature.

3) The fluid temperature distribution can be mathematically stated
as

T = τ z + f (r, θ) (1)

because of the combined assumptions of fully developed flow and
uniform axial heating. Equation (1) is applicable at the wall, meaning
that the wall temperature will increase uniformly in the direction of
flow. At any axial location the difference in wall temperature Tw and

Fig. 1 Physical model, coordinate axes, and regions of the duct.

any local value of temperature in the flow will also be functionally
related to the cross-stream coordinates.

4) Except for density, fluid properties are taken to be constant
with temperature.

5) Because distances far away from inlet effects are being con-
sidered, the pressure distribution must be of the form

P = γ z + P(r, θ) (2)

6) It is assumed that there are no chemical reactions, no heat
sources within the fluid, radiation is neglected, and viscous dissipa-
tion is ignored.

The following nondimensionalization parameters are adopted for
the dependent and independent variables:

R = r

a
, Z = z

a
, W = w

a
, η = Tw − T

τaPr

ν = −ν

(
∂ψ

∂r

)
, u = ν

r

(
∂ψ

∂θ

)
(3)

The normalized governing equations are as follows:
Normalized streamfunction equation:

∇4ψ + 1

R

∂(ψ, �2ψ)

∂(R, θ)
+ Raτ

(
1

R

∂η

∂θ
cos θ + ∂η

∂ R
sin θ

)

+ Raτ

εa

∂η

∂θ
+ Raτ ∗ Ro∗

Rem
· 1

R

∂(η, ψ)

∂(R, θ)
= 0 (4)

where

∇4ψ = ∇2(∇2ψ) (5)

Equation (5) is the biharmonic operator.
Normalized axial velocity equation:

∇2W + 1

R

∂(ψ, W )

∂(R, θ)
+ 4Rem = 0 (6)

Normalized energy transport equation:

∇2η + Pr

R
· ∂(ψ, η)

∂(R, θ)
+ W = 0 (7)

The normalization procedure adopted highlights the following
dimensionless groups that govern this problem.

Rotational Rayleigh number:

Raτ = �2 Hβτa4

αν

Rossby number:

Ro∗ = −a22H�ρν · ∂ P

∂z

Modified Reynolds number:

Rem = −a3

4ρν2
· ∂p

∂z

Axes displacement parameter:

εa = a/H

Prandtl number:

Pr = ν/α

Solution Technique
The normalized governing equations are solved using a series

expansion in ascending powers of the rotational Rayleigh number
Raτ . This asymptotic series expansion is truncated at the second or-
der and therefore presents an approximate solution. This technique
was successfully used by Morton14 and Morris.4 The need for the
satisfaction of the boundary conditions for different polar coordi-
nates at the boundary of the ellipse needs the consideration of the
eccentricity e and the angular position θ . For the derivation of the
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boundary coordinate ξ , the parametric equations of an ellipse are
invoked.

ξ =
(

rb

a

)2

= (1 − e2)

(1 − e2 cos2 θ)
(8)

Boundary Conditions
The normalized boundary constraints are as follows:
1) ψ = W = η = 0 at R = √

ξ , that is, at the boundary.
2) ψ = W = η �= 0 (that is, finite) at R = 0, that is, at the core of

the duct.
3) ∂ψ/∂ R = 1/R. ∂ψ/∂θ = 0 at R = √

ξ , and ∂ψ/∂ R = 1/R.
∂ψ/∂θ �= 0 (that is, finite) at the centre of the elliptic duct.

The parameter perturbation technique adopted in the solution of
the problem gave rise to the power series representation of the nor-
malized governing equations, which is expanded with rotational
Rayleigh number Raτ as follows:

1) Streamfunction:

ψ =
n∑

i = 0

Rai
τψi = ψ0 + Raτψ1 + Ra2

τψ2 + · · · (9)

2) Axial velocity:

W =
n∑

i = 0

Rai
τ Wi = W0 + Raτ W1 + Ra2

τ W2 + · · · (10)

3) Temperature:

η =
n∑

i = 0

Rai
τ ηi = η0 + Raτ η1 + Ra2

τ η2 + · · · (11)

Substituting Eqs. (9–11) into Eqs. (4), (6), and (7), respectively,
it is possible, upon integrating the resulting cascade of differential
equations and application of the boundary constraints, to arrive at
the following solutions.

Zeroth-Order Solution
1) Zeroth-order streamfunction:

ψ0 = 0 (12)

There can be no flow in the (r , θ ) plane when Raτ = 0 as a result of
the absence of circulation or secondary flow. This corresponds to a
no-heating condition.

2) Zeroth-order axial velocity:

W0 = Rem(ξ − R2) (13)

3) Zeroth-order temperature:

η0 = (Rem/16)[3ξ 2 − 4ξ R2 + R4] (14)

First-Order Solution
1) First-order streamfunction:

ψ1 = sin θRem

4608
· R(10ξ 3 − 21ξ 2 R2 + 12ξ R4 − R6) (15)

2) First-order axial velocity:

W1 = Re2
m cos θ

184,320
· R[49ξ 4 − 100ξ 3 R2 + 70ξ 2 R4 − 20ξ R6 + R8]

(16)
3) First-order temperature:

η1 = Re2
m cos θ

22,118,400
[(381 + 1325Pr)ξ 5 R − (735 + 3000Pr)ξ 4 R3

+ (500 + 2600Pr)ξ 3 R5 − (175 + 1125Pr)ξ 2 R7

+ (30 + 210Pr)ξ R9 − (1 + 10Pr)R11] (17)

Second-Order Solution
1) Second-order streamfunction: The final solution contains nu-

merical coefficients of an unwieldy nature; therefore, they have
been grouped within summation signs and the values tabulated in
Table A1 (see Appendix).

ψ2 = Re2
m sin 2θ

46082

{
2∑

r = 1

[
C(2r − 1) + D(2r − 1)Pr

]
ξ (7 1

2 − r) R(2r − 1)

+
7∑

r = 3

(C2r + D2r Pr)ξ (7 − r) R2r

}

+ Re2
m sin θ

22,118,400εa

{
7∑

s = 0

[
C(2s + 1) + D(2s + 1)Pr

]
ξ (7 − s) R(2s + 1)

}

+ Ro∗ · Rem cos θ

18,432

[
6∑

t = 0

C(2t + 1)ξ
(6 − t) R(2t + 1)

]
(18)

2) Second-order axial velocity (see Table A2 in the Appendix for
actual value of coefficients):

W2 = Re3
m cos 2θ

(4608)2

{
3∑

r = 1

[
E(2r − 1) + F(2r − 1)Pr

]
ξ (8 1

2 − r) R(2r − 1)

+
10∑

r = 4

[
E2(r − 2) + F2(r − 2)Pr

]
ξ (10 − r) R2(r − 2)

}

− Re3
m cos θ

1,159,200εa

{
8∑

s = 0

[
E(2s + 1) + F(2s + 1)Pr

]
ξ (8 − s) R(2s + 1)

}

+ Ro∗ · Re2
m sin θ

9216

[
7∑

t = 0

F(2t + 1)ξ
(7 − t) R(2t + 1)

]

+ Re3
m

(4608)2

[
−1.3572ξ 7 1

2 R +
8∑

x = 1

E2xξ
(8 − x) R2x

]
(19)

3) Second-order temperature (see Table A3 in the Appendix for
actual value of coefficients):

η2 = Re3
m cos 2θ

(4608)2

{
4∑

r = 1

[
L (2r − 1) + M(2r − 1)Pr + N(2r − 1)Pr2

]

× ξ (9 1
2 − r) R(2r − 1) +

12∑
r = 5

[
L2(r − 3) + M2(r − 3)Pr

+ N2(r − 3)Pr2
]
ξ (12 − r) R2(r − 3)

}
+ Re3

m cos θ

22,118,400εa

×
{

9∑
s = 0

[
L (2s + 1) + M(2s + 1)Pr + N(2s + 1)Pr2

]
ξ (9 − s) R(2s + 1)

}

+ Re3
m

(4608)2

{
2∑

t = 1

[
L (2t − 1) + M(2t − 1)Pr + N(2t − 1)Pr2

]

× ξ (9 1
2 − t) R(2t − 1) +

11∑
t = 3

[
L2(t − 2) + M2(t − 2)Pr

+ N2(t − 2)Pr2
]
ξ (11 − t) R2(t − 2)

}
− Ro∗ · Re2

m sin θ

73,728

×
{

8∑
x = 0

[
L (2x + 1) + M(2x + 1)Pr

]
ξ (8 − x) R(2x + 1)

}
(20)
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Because the resulting algebra is extremely tedious, only details
for solutions up to the second order are presented. The contribution
of the second-order term to the entire solution is less than 10% and
not more accurate result could be justified by the amount of effort
required to include more terms. The overall validity range of the
results presented is obtained following the continuation procedure
suggested by Tormcej and Nandakumar15 in which the bisection
method is incorporated.

Peripheral Local Nusselt Number
The Nusselt number is a dimensionless quantity indicative of the

rate of energy convection from the surface. For the conduction-
referenced heat transfer with respect to the bulk temperature and
considering the normal temperature gradient, we have the peripheral
local Nusselt number as

Nu(θ) = 2

ηb

∂η

∂ R

∣∣∣∣
R = χ(θ)

cos(λ − θ) (21)

where

ηb =
∫ 2π

0

∫ χ(θ)

0
η(R, θ)W (R, θ)R dR dθ∫ 2π

0

∫ χ(θ)

0
W (R, θ)R dR dθ

(22)

a) Temperature

b) Axial velocity

Fig. 2 Effect of modified Reynolds number on temperature and axial
velocity distribution: Raτ = 10, Pr = 0.73, Ro∗ = 1, εa = 1/48, and e = 0.

and

χ(θ) =
√

ξ (23)

Friction Coefficient
The normalized form of the friction coefficient (the parameter

indicating the influence of rotation on the established resistance to
flow using the Blasius friction factor) is given by

Cfr = 4π 2(1 − e2)Rem[∫ 2π

0

∫ χ(θ)

0
W R dR dθ

]2
(24)

Discussion of Results
Figures 2a and 2b present the effect of modified Reynolds number

on temperature and axial velocity distribution respectively, across
tube diameter for a circular tube (e = 0.0) for solutions up to the
second-order for the range of operating parameters shown on each
figure. It can be seen that the positions of maximum values of tem-
perature and axial velocity vary slightly with changes in the mod-
ified Reynolds number Rem for a particular value of the rotational
Rayleigh number Raτ . However, the maximum values for the tem-
perature and axial velocity increase significantly with increases in
the modified Reynolds number Rem .

a) Temperature

b) Axial velocity

Fig. 3 Effect of modified Reynolds number on temperature and axial
velocity distribution: Raτ = 10, Pr = 1, Ro∗ = 1, εa = 1/48, and e = 0.433.
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These results differ from the results obtained by Morris4 in which
he focused on fluid flowing in a vertical tube rotating about a par-
allel axis, whereas the present analysis focuses on fluid flowing
in a horizontal elliptic tube rotating about a parallel axis. The dif-
ference in both analyzes can be attributed to the gravitational ef-
fects on temperature and axial velocity profiles, which is typical of
fluid flowing in a vertical tube and hence must be included in that
analysis.

Figures 3a and 3b present the effect of modified Reynolds number
on temperature and axial velocity distribution, respectively, across
the major diameter up to the second-order solution for an ellip-
tic tube of eccentricity e = 0.433 with the stated set of operating
parameters.

The general lateral shifts in the temperature and velocity profiles
away from the origin, caused by the influences of heating and ro-
tation, are noticeable. Increases in the modified Reynolds number
Rem result in corresponding increases in the maximum values of
the local temperature or axial velocity as the case might be. The ef-
fect of increased eccentricity and consequent boundary deformation
is noticeable on the profile of temperature and axial velocity plots
especially for Rem = 50.

Figures 4a and 4b show the effect of the rotational Rayleigh num-
ber Raτ on temperature distribution across major diameter and minor
diameter, respectively, up to the second-order solution for elliptic
tube e = 0.433. From Fig. 4a it can be observed that increase in
the rotational Rayleigh number Raτ , which is a measure of rate of
heating and rotation, results in gradual shift of points of maximum

a) Major diameter

b) Minor diameter

Fig. 4 Effect of rotational Rayleigh number on temperature distribu-
tion: Rem = 50, Pr = 1, Ro∗ = 1, εa = 1/48, and e = 0.433.

a) Major diameter

b) Minor diameter

Fig. 5 Effect of rotational rayleigh number on axial velocity distribu-
tion: Rem = 50, Pr = 1, Ro∗ = 1, εa = 1/48, and e = 0.433.

value in temperature profiles away from the origin and a correspond-
ing increase in the maximum value of the local temperature. The
secondary flow increases correspondingly, and the temperature pro-
files become distinctly different from those of pure convection. This
result is similar to the findings of Faris and Viskanta.9

However, Fig. 4b shows that along the minor diameter an increase
in the rotational Rayleigh number Raτ does not result in any change
in the temperature profile, and the curve is symmetrical about a
center of the elliptic duct. The first- and second-order components,
which perturbed the zeroth order, are insignificantly small when
computed along the minor diameter. This result confirms that, based
on heuristic reasoning, the effect of bouyancy forces caused by free
convection might be insignificant along the minor diameter.

Figures 5a and 5b show the effect of the rotational Rayleigh num-
ber Raτ on axial velocity distribution across major diameter and
minor diameter, respectively, up to the second-order solution for
elliptic tube e = 0.433. Figure 5a indicates that as the rotational
Rayleigh number Raτ increases then the more pronounced is the
deformation of the axial velocity profile and its deviation from the
parabolic nature for no-heating condition. Furthermore, the gen-
eral shift in the profile away from the origin is noticeable, with
increase in the maximum local value as a result of bouyancy forces.
Adegun12 made a similar observation in his work in which a nonro-
tating system was considered. However, Fig. 5b shows that increases
in the rotational Rayleigh number Raτ does not have significant
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a) Rotational Rayleigh number, Raτ = 0

b) Rotational Rayleigh number, Raτ = 10

Fig. 6 Effect of eccentricity on local Nusselt number: Rem = 50, Pr =
1, Ro∗ = 1, and εa = 1/48.

effects on the parabolic profile for no heating condition (that is,
Raτ = 0).

Figures 6a and 6b show the effect of duct eccentricity on pe-
ripheral local Nusselt number at various angular positions un-
der no-heating cum no-rotation Raτ = 0 and heating and rotation
Raτ = 10 conditions, respectively. Figure 6a shows oscillations of
the peripheral local Nusselt number about the value Nu(θ ) = 4.364
(the value predicted for circular tube e = 0.0 undergoing pure forced
convection) as the eccentricity increases above zero. The highest
value occurrs at angular positions 0 deg, 180 deg, and 360 deg, while
the minimum values are at 90 deg and 270 deg. Figure 6b reveals that
because of the effects of heating and rotation the degree of oscilla-
tions of the peripheral local Nusselt number reduces. This might also
be attributable to the influence of bouyancy forces and secondary
flow.

Moreover, Fig. 7 shows the effect of Prandtl number Pr on the pe-
ripheral local Nusselt number for elliptic duct (e = 0.866). It reveals
that the peripheral local Nusselt number seems to be insensitive to
changes in the Prandtl number Pr. This might be an important re-
sult for designer of rotating elliptic heat exchanger, who would like
to use any available fluid as the heat-transfer fluid because Prandtl
number is a property of fluid.

Figure 8 shows the plot of friction coefficient against tube ec-
centricity for no heating Raτ = 0 and heating Raτ = 10 conditions.
The figure indicates monotonic increase in friction coefficient for
both conditions. For the circular geometry (e = 0.0) the friction

Fig. 7 Effect of Prandtl number on local Nusselt number at e = 0.866:
Raτ = 5, Rem = 30, Ro∗ = 1, and εa = 1/48.

Fig. 8 Effect of eccentricity on friction coefficient: Rem = 50, Pr = 1,
Ro∗ = 1, and εa = 1/48.

coefficient has a higher value for Raτ = 10 compared to Raτ = 0,
which is in line with the findings of Morris.2 However, for the ellip-
tic ducts the numerical values of the friction coefficient for Raτ = 10
are lower compared to the values for Raτ = 0 showing heating and
rotation reduce friction coefficient, though the two curves seems to
merge.

Conclusions
The parameter perturbation technique used in this paper is valid

for low values of the rotational Rayleigh number Raτ . At the fully
developed flow region considered, Cfr = η = W = Nu(θ) = F(Raτ ,
Rem , Pr). The results show that the perturbation parameter Raτ is
responsible for the lateral shift of the temperature and axial velocity
profile away from the origin along the major diameter and its devi-
ation from the usual parabolic profile associated with pure forced
convection caused by secondary flow effects and bouyancy forces.
Along the minor diameter these effects are insignificant. The results
predict that the peripheral local Nusselt number is insensitive to
Prandtl number changes for a duct of eccentricity e = 0.866. This
is an important result for a designer of rotating heat exchanger. It
is shown that the increase in modified Reynolds number manifests
an increase in maximum values of temperature and axial veloc-
ity. These results are in agreement with the published works of
Morris2,4 and Faris and Viskanta9 for rotating circular ducts, Bello-
Ochende and Lasode13 for rotating elliptic ducts, and Adegun12 for
nonrotating elliptic ducts.
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Appendix A: Tables of Second-Order
Perturbation Coefficients

Table A1 ψ2 coefficients

ψ2 coefficients

r C(2r − 1) D(2r − 1)

1 1.3235 4.1401
2 −2.0295 −7.8261

r C2r D2r
3 0.1097 5.4857
4 0.9578 −2.2639
5 −0.3925 0.5195
6 0.0325 −0.057
7 −0.0015 0.0017

s C(2s + 1) D(2s + 1)

0 1.0332 3.3059
1 −2.4931 −8.1727
2 1.9844 6.9010
3 −0.6380 −2.6042
4 0.1302 0.6771
5 −0.0182 −0.1172
6 0.0015 0.0104
7 −0.0000 −0.0003

t C(2t + 1)

0 0.0436
1 −0.1129
2 0.1042
3 −0.0451
4 0.0117
5 −0.0015
6 0.0000

Table A2 W2 coefficients

W2 coefficients

r E(2r − 1) F(2r − 1)

1 0.3036 1.0358
2 −0.6618 −2.0701
3 0.3383 1.3045

r E2(r − 2) F2(r − 2)

4 0.0483 ——
5 0.16 ——
6 −0.2939 −0.3483
7 0.1330 0.0915
8 −0.0298 −0.0145
9 0.0024 0.0012
10 −0.0001 −0.0000

s E(2s + 1) F(2s + 1)

0 −0.0956 −0.1888
1 0.1292 0.4132
2 −0.1239 −0.3405
3 0.0413 0.1438
4 −0.008 −0.0326
5 0.0011 0.0056
6 −0.0001 −0.0007
7 0.0000 0.0000
8 −0.0000 −0.0000

t E(2t + 1)

0 −0.0025
1 0.0055
2 −0.0047
3 0.0022
4 −0.0006
5 0.0001
6 −0.0000
7 0.0000

x E2x
1 4.0833
2 −6.7633
3 7.26
4 −4.6333
5 1.7298
6 −0.3472
7 0.0287
8 −0.0008

Table A3 η2 coefficients

η2 coefficients

r L(2r − 1) M(2r − 1) N(2r−1)

1 0.019 0.1422 0.2842
2 −0.0380 −0.2949 −0.5175
3 0.0276 0.1984 0.4123
4 −0.0070 −0.0483 −0.0815

r L2(r − 3) M2(r − 3) N2(r − 3)

5 —— 0.0090 −0.0302
6 −0.0014 0.0051 0.1202
7 −0.0025 −0.0209 −0.2470
8 0.0030 0.0093 0.0996
9 −0.0009 0.0003 −0.0474
10 0.0002 −0.0002 −0.0079
11 −0.0000 0.0000 −0.0006
12 0.0000 −0.0000 −0.0000

s L(2s + 1) M(2s + 1) N(2s + 1)

0 0.0075 0.0508 0.0856
1 −0.0149 −0.1118 −0.2066
2 0.0108 0.0971 0.2047
3 −0.0043 0.0478 −0.1145
4 0.0010 0.0138 0.0378
5 −0.0001 −0.0024 −0.0082
6 0.0000 0.0003 0.0014
7 −0.0000 −0.0000 −0.0002
8 0.0000 0.0000 0.0000
9 −0.0000 −0.0000 −0.0000

t L(2t − 1) M(2t − 1) N(2t − 1)

1 −0.0119 −0.0894 −0.2993
2 0.1697 —— ——

t L2(t − 2) M2(t − 2) N2(t − 2)

3 —— 0.2646 0.9201
4 −0.2722 −0.4264 −1.6063
5 0.1932 0.4466 1.8732
6 −0.1152 −0.2837 −1.3647
7 0.0468 0.1127 0.6305
8 −0.0121 −0.0283 −0.1802
9 0.0018 0.0042 0.0288
10 −0.0001 −0.0003 −0.0022
11 0.0000 0.0000 0.0001

x L(2x + 1) M(2x + 1)

0 0.0013 0.0045
1 −0.0025 −0.0109
2 0.0018 0.0112
3 −0.0008 −0.0067
4 0.0002 0.0024
5 −0.0000 −0.0006
6 0.0000 0.0001
7 −0.0000 −0.0000
8 0.0000 0.0000
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